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Abstract. According to Mukai, any prime Fano threefold X of 
genus 7 is a linear section of the spinor tenfold in the projectivized 
half-spinor space of Spin(lO). It is proven that the moduli space 
of stable rank-2 vector bundles with Chern classes ci — 1,C2 = 5 
on a generic X is isomorphic to the curve of genus 7 obtained by 
taking an orthogonal linear section of the spinor tenfold. This is 
an inverse of Mukai's result on the isomorphism of a non-abelian 
Brill-Noether locus on a curve of genus 7 to a Fano threefold of 
genus 7. An explicit geometric construction of both isomorphisms 
and a similar result for K3 surfaces of genus 7 are given. 



0. Introduction 

The study of moduli spaces of stable vector bundles on Fano three- 
fodls of indices 1 and 2 is quite a recent topic. The index of a Fano 
threefold X is the maximal integer v dividing Kx in the Picard group 
of X. The known results sofar include the desciption of one component 
of moduli of rank-2 vector bundles on each one of the following four 
Fano threefolds: the cubic pTTI , 0], 0, the quartic fTO 



the prime Fano threefold of genus 9 |[1R|| and the double solid of in- 
dex 2 [^]. It turns out, that the flavour of the results one can obtain 
depends strongly on the index. In the index-2 case, the answers are 
given in terms of the Abel-Jacobi map of the moduli of vector bun- 
dles into the intermediate Jacobian defined by the second Chern 
class C2, and the techniques originate to Clemens, Griffiths, and Wel- 
ters. For the cubic X3, the moduli space Mx-^ir] ci, C2) with invariants 
r = 2, ci = 0, C2 = 5 is of dimension 5 and is identified with an open 
subset of the intermediate Jacobian. For the double solid Y2 of index 
2, Tikhomirov found a 9-dimensional component of My^i'^'-, 0, 3) whose 
Abel-Jacobi map is quasi-finite onto an open subset of the theta-divisor 
of .7(1^2)5 and it is conjectured and almost proven that this map is in 
fact birational (in preparation). 



1991 Mathematics Subject Classification. 14J30. 

D.M.: Partially supported by the grant INTAS-OPEN-2000-269. 

1 



In the index-1 case, the Abel-Jacobi map does not bring much new 
information about the moduh spaces investigated up to now. For the 



quartic threefold X4, we proved in |[IM-2|| that Mx^i^; 1, 6) has a com- 



ponent of dimension 7 with a 7-dimensional Abel-Jacobi image in the 
30-dimensional intermediate Jacobian J(X4). One can conclude from 
here about the geometry of this component only that its Kodaira di- 
mension is positive. 

In the present paper, we consider one more index-1 case: we de- 
termine the moduli space Mx = Mxi^; 1,5) for a generic prime Fano 
threefold X = X12 of genus 7. 

Following the classical terminology, we call the Fano threefolds X2g-2 
of index 1 and degree 2g—2 with Picard number 1 prime Fano threefolds 
of genus g. They have been classified, up to deformations, by Iskovskikh 
[Isk-l|| , ||Isk-P|| . There is only one moduli family of threefolds X2g-2 for 



every ^ = 2, . . . , 12, ^ 11 (see Table 12.2 in [[Isk^] ). Mukai piH 
proved that X2g-2 is a linear section of some projective homogeneous 
space ^23-2 for 7 < g < 10. In the case g = 7, T, = S12 is the spinor 
tenfold in P^^. It is self-dual, that is, the dual variety S C P^^, formed 
by the hyperplanes in P^^ tangent to S, is isomorphic to S via some 
projectively linear map identifying P^^ with its dual P^^. Thus, to a 
linear section X = P''+'= fl S of S of dimension 2 — k we can associate 
the orthogonal linear section X := P'^^*-' fi S of dimension 2 + k, where 
P'''"'^ = (P'^+'^)-'- c P^^. For = 1, we obtain a curve linear section 
r = X, which is a canonical curve of genus 7. Our main result is the 
following statement. 

Theorem 0.1. Let X = X12 be a generic prime Fano threefold of genus 
7. Then Mx is isomorphic to the curve F = X. 

We prove also similar statements in the cases k = 0, where X, X are 
generic K3 surfaces of degree 12, and k = —1, where X is a curve and 
X is a threefold. In the latter case, one should take the non-abelian 
Brill-Noether locus of rank-2 vector bundles on X with canonical de- 
terminant and 5 linearly independent global sections on the role of Mx- 
For k = 0, Mukai |[Mu-0|| , ||Mu-4|| proved that Mx is another K3 surface 
of degree 12 {Mx represents the so-called Fourier-Mukai transform of 
X; see | |HL| | ) . We make this statement more precise by identifying Mx 
with the orthogonal K3 surface X via an explicit map px having a 
beautiful geometric construction. 

For k = —1, Mukai |[Mu-5|| proved that Mx is a Fano threefold of 



degree 12. Again, we show that this Fano threefold is isomorphic to the 
orthogonal linear section of the spinor tenfold, and our Main Theorem 
represents the inverse of this result. 
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Iliev-Ranestad ||1K|| obtained similar results for the 1-, 2- and 3- 
dimensional linear sections of the symplectic Grassmannian Sig C P^^, 
but in their case the dual of Sie is a singular quartic hypersurface in 
P^^, so the moduli spaces (or the non-abelian Brill-Noether locus in 
dimension 1) that they consider are isomorphic to linear sections of 
this quartic hypersurface. 

Our construction of the map px '■ X — ^Mx is very simple: for any 
w & X the corresponding hyperplane P^'' in P^^ is tangent to E along 
a projective space P^, and the linear projection 7r^„ of X fl P^'^ into P^ 
with center P^ has its image inside the Grassmannian G(2, 5) C P^. It 
turns out that the puUback of the universal rank-2 bundle from (^(2, 5) 
to X is stable and its class belongs to Mx- This defines the image of w 
in Mx- It is not so obvious that the thus defined map px is nontrivial. 
In Proposition [4.4| we prove that its image is an irreducible component 
of Mx- This enables us to conclude the proof of the fact that px is an 
isomorphism in the cases, where the irreducibility and smoothness of 
Mx are already known from the work of Mukai: k = —1 (Proposition 



[4 .61 ) and = (Proposition [4.7|) . For the case /c = 1, we prove in 
Proposition |4.9| that every vector bundle E e Mx is globally generated 
and is obtained by Serre's construction from a normal elliptic quintic 
contained in X. The irreducibility of Mx-, equivalent to that of the 
family of elliptic quintics in X, is reduced to the known irreducibility 
in the K3 case. The smoothness of Mx is proved separately in using 
Takeuchi-Iskovskikh-Prokhorov birational maps •I'p : X ---> F = Y5 
and : X ---> Q, where p G X is a point, g C X a conic, Y5 the 
Del Pezzo threefold of degree 5 and Q the three-dimensional quadric 
hypersurface. 

Takeuchi |[lak| has undertaken a systematic study of birational trans- 
formations of Fano varieties that can be obtained by a blow up with 
center in a point p, a line £ or a conic q followed by a flop and a con- 
traction of one divisor. Iskovskikh-Prokhorov [[Isk-P|l have extended 
Takeuchi's list, in particular, they found the two birational transfor- 
mations for X12 mentioned above. The techniques of proofs are those 
of Mori theory, based on the observation that the Mori cone of X12 
blown up at a point, line or conic is an angle in M^, hence there are 
exactly two extremal rays to contract, the first one giving the initial 
3-fold, the second one defining the wanted birational map. But before 
one can contract the second extremal ray, one has to make a flop. We 
describe in detail the structure of $p, (Theorems and ISTSp . The 
last contraction in both cases blows down one divisor onto a curve of 
genus 7. Thus, we have 3 curves of genus 7 associated to X: the or- 
thogonal linear section F, and F', F" coming from the birational maps. 
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We prove that the three curves are isomorphic. We also identify the 
flopping curves for $p: they are the 24 conies passing through p, and 
their images are the 24 bisecants of F'. 

The ubiquity of the maps is in that they provide a stock of 

well-controlled degenerate elliptic quintics: the ones with a node at p 
are just the proper transforms of the unisecant lines of T' in Y and 
the reducible ones having q as one of components are nothing else but 
the proper transforms of the exceptional curves contracted by into 
points of r", that is, they are parametrized by T". The smoothness of 
Mx follows from the existence, among the zero loci of sections of any 
vector bundle S G Mx, of a nodal quintic with a node at p such that 
the normal bundle of the corresponding unisecant of F' is (9 © (9 (see 
the proofs of Proposition |6.1| and Lemma |6.3| ). The family of lines on 
Y is well known (see for example |[FN|] ) . In particular, Y contains 
a rational curve Cg which is a locus of points z such that there is a 
unique line in Y passing through z, and the normal bundle of this line is 
0{1)(B0{—1). Hence our proof of smoothness does not work in the case 
when r' meets Cg. We prove that in this case a generic deformation 
of F' does not meet Cg (Lemma |6.6| ) and that FJ corresponds to 
some birational map : Xf Y of the same type. This explains 
the fact, why we state our Main Theorem only for generic X. We 
conjecture that the conclusion of the Theorem is true for any smooth 
3-dimensional linear section E fl P^. 

In Section |1|, we give a definition of the spinor tenfold E, represent it 
as one of the two components of the family of maximal linear subspaces 
of an 8-dimensional quadric, and introduce the notion of the pure spinor 
associated to a point of S. 

In Section ^ we study some properties of linear sections X of S, 
in particular, the projections vr^ to the Grassmannian G{2, 5) in P^, 
defined by the points w & X, and prove that any linear embedding of 
X into G(2,5), under some additional restrictions, is always given by 
such a projection (the case dimX = 1 is postponed until Section |). 

In Section H, we list standard facts about the moduli space Mx 
(dimX = 3) and the Hilbert scheme of elliptic quintics on X; we show 
that any S € Mx is obtained by Serre's construction from a "quasi- 
elliptic" quintic and that the fibers of Serre's construction over Mx are 
projective spaces F^. 

In Section ^, we define the map px '■ X — >Mx in all the three 
cases dimX = 1,2,3, and prove that its image is a component M^ 
of Mx- We prove that px is an isomorphism for dimX = 1,2. For 
dim X = 3 we obtain the following precision of the result of the previous 
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section: any S E Mx is globally generated and is obtained by Serre's 
construction from a smooth elliptic quintic. 

In the Sections ^ and ||, dimX = 3. In Section H, we provide some 
basic properties of the families of lines and conies on X, in particu- 
lar, prove the irreducibility of the family of conies, and describe the 
structure of the two Takeuchi-Iskovskikh-Prokhorov birational maps. 
We show that the vector bundles, constructed from the stock of quasi- 
elliptic quintics generated by these maps, belong to M^, and deduce 
the isomorphism of the three curves F, F', F". 

Section ^ is devoted to the proof of Theorem |U.lj . 

Acknowledgements. The second author thanks V.A.Iskovskikh, 



who communicated to him Moishezon's Lemma |4.1CI| , and 
Yu. Prokhorov for discussions. 

1. Spinor tenfold 

The spinor tenfold S]^2 is a homogeneous space of the complex spin 
group Spin(lO), or equivalently, that of SO(IO) = Spin(10)/{±1}. It 
can be defined as the unique closed orbit of Spin(lO) in the projec- 
tivized half-spinor representation Spin(lO) : P^^ . We will remind 
an explicit description of some of its properties, following es- 

sentially 0, jM^ , [pS^. 

Let Altaic) = be the space of skew-symmetric complex 5 x 
5 matrices. For A G Alt^^C) denote by Pf(v4) G the 5- vector 
with coordinates Pi{A)i = (—1)* Pfi{A), i = 1,. . . ,5, where Pfj are the 
codimension 1 Pfaffians of an odd-dimensional skew-symmetric matrix. 



Definition 1.1. The Spinor 10-fold S = S^^ C P^^ is the closure of 
the image j^AU^^C)) under the embedding 

J : = Altaic) Pl^ A^{1:A: P"f(i)) (1) 

We will write homogeneous coordinates in P^^ in the form {u : X : y), 
where m G C, X = (xjj) G Alt^{C) and y = {yi, ...,1/5) G C^. 

The map j parameterizes the points of the open subset j{Alt^{C)) = 
S n (m 7^ 0) and 

(u : X : f) G S ^ uy = P"f(X) & Xy = 0; (2) 

Writing down the components of the above matrix equations, we obtain 
the defining equations of S, or the generators of the homogeneous ideal 
of S C Pi^: 
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qT = uyi + - X24X35 + X34X25 

q+ = uy2 - X13X45 + ^14X35 - X34X15 

(it = + X12X45 - XuX25 + X24X15 

qt = uy4 - X12X35 + X13X25 - a;23a;i5 
qt = uy^ + X12X34 - 0:13X24 + X23X14 







Xl2y2 + 


■ X13I/3 + Xi4l/4 + Xi5?/5 




= -xuyi 




- X23y3 + X24y4 + X25I/5 


% 


= -xuyi 


- X231/2 


+ X34I/4 + X35I/5 




= -xuyi 


- X241/2 - 


3^34^/3 + a;45l/5 




= -xi^yi 


- X25y2 - 


a;35y3 - 2:451/4 



An important property of the spinor tenfold is its self-duality ||^]: 

Lemma 1.2. The 'protectively dual variety C P^^^, consisting of all 
the hyperplanes in that are tangent to T,, is projectively equivalent 
to S. 

This follows also from the self-duality of the half-spinor representa- 
tion of Spin(lO) and the fact that Spin(lO) has only two orbits in P^^: 
the spinor tenfold and its complement 

There is an alternative interpretation of the spinor tenfold S: it is 
isomorphic to each one of the two families of 4-dimensional linear sub- 
spaces in a smooth 8-dimensional quadric C P^. In other words, it 
is a component of the Grassmannian Gq{5, 10) = S+ U of maximal 
isotropic subspaces of a nondegenerate quadratic form q in C^''. The 
varieties S, can be simultaneously identified with S"*", S~ respec- 
tively in such a way that the duality between S, is given in terms 
of certain incidence relations between the four- dimensional linear sub- 
spaces of the quadric = {q = 0}. 

Namely, denote by P^ the subspace of corresponding to a point 
c e E^, and let, for example, c G S"*". Then we have: 

S+ = {d G Gq(5, 10) I dim(P^ n P^) G {0, 2, 4}} , (3) 

S- = {rf G Gq(5, 10) I dim(P^ n P^) G {-1, 1, 3}} , (4) 

where the dimension equals —1 iff the intersection is empty. Further- 
more, if we denote by P^^ the hyperplane in P^^ represented by a point 
w G P^^ := (P^^)^, and by Hy^ the corresponding hyperplane section 
P^"* n S of S = S"*", then for any w G = S^, we have 
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i?^ = {c G S+ : n Pt ^ 0} = {P' C g : 

dim(P^ n Pt) is odd and > 0} (5) 

For future use, we will describe explicitly the identifications of S, 
with E"*", E~. Let V be a 2i/-dimensional C- vector space {u = 5 in 
our applications) with a nondegenerate quadratic form q and (■, ■) the 
associated symmetric bilinear form. Fix a pair of maximal isotropic 
subspaces Uq, U^o of V such that V = Uq® U^o- The bilinear form (-, ■) 
identifies Uq with the dual of Uoo- Let S'^, resp. S~ be the component 
of Gq{u, V) that contains f/o, resp. Uoo- Let S = K Uoo be the exterior 
algebra of Uoo ; it is called the spinor space of {V, q) and its elements 
are called spinors. The even and the odd parts of S 

S+ = A^^^"f/oo, S~ = A°^^Uoo 

are called half-spinor spaces. To each maximal isotropic subspace U G 
U S~ one can associate a unique, up to proportionality, nonzero 
half-spinor S{/ G 5*+ U S~ such that ^u{su) = for all u E U, where 
(fu G End (5") is the Clifford automorphism of S associated to u: 

(Pu{viA. . .AVk) = ^(-l)*"^(uo,i'j)fiA. . .AViA. . .AVk+UooAviA. . .AVk 

i 

iiu = Uo + Uoo, uo G f/o, Uoo G f/oo- 

The element su is called the pure spinor associated to U. The map 
U I— > [su] € P(5'^) is the embedding of into the projective space 
p2'" -1 fj^Qjji which we started our description of the spinor tenfold 
(formula (|I|), u = 5). The duality between S~^, S~ is given by the 
so called fundamental form (3 on S, for which S'^, S~ are maximal 
isotropic 2^^" ^-dimensional subspaces of S: 

where deg^ = p and {s)top denotes the A'^t/oo-component of a spinor 
s G A' Uoo- 

Describe now the spinor embedding in coordinates. Let U G S+. 
Then the intersection UCiUoo is always even-dimensional and generically 
U n Uoo = 0. Choose a basis ei, . . .Ci, of Uoo in such a way that U fl 
Uoo = {eu-2k, ey_2fc+i, . . . , Ct,). Let e_i, . . . , e_;, be the dual basis of Uq. 
Then U possesses a basis Ui, . . . of the following form: Ui = e_j + 

u-2k-l 

^ CLijCj for i = 1, . . . ,i> — 2k — 1, and Mj = e, for i = u — 2k, . . . , z/, 
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where ( skew-symmetric matrix of dimension z/ — 2/c — 1. The 

pure spinor associated to U is given by the following formula: 

Su = exp(a) A e^^2k A e^_2k+i A . . . A , a = - ^ aijCi A ej (6) 

Here the exponential is defined by 

= }^ PfiiA)ei 

i=l ' IC{l,...,i^-2k-l} 

where e/ = A. . . Acj^ if / = {ii, . . . , ip} and Pfi{A) is, up to the sign, 
the Pfaffian of the submatrix of A consisting of its rows and columns 
with numbers ii, . . . ,ip (so that only even values of p can yield nonzero 
terms). The coordinates in P^^ used in formulas (|1|), (0) are the ones 
corresponding to the basis 1, Cj A ej, Cj A ej A A of = A^'"^^Uao- 

2. Linear sections of the spinor tenfold 
Mukai [Mu-l| has observed that a nonsingular section of the spinor 



tenfold Sj^2 ^ P^^ by a linear subspace P''+'^ for k = —1,0, resp. 1 is 
a canonical curve, K3 surface, resp. a prime Fano threefold of degree 
12. He has proven that a generic canonical curve of genus 7, a generic 
K3 surface of degree 12 and any nonsingular prime Fano threefold Xu 
(with Picard group Z) are obtained as linear sections of S]^2 ^ unique 
way modulo the action of Spin(lO). 

Definition 2.1. For a given linear section X of S, we denote its or- 
thogonal linear section by X and call it the dual of X. In particular, 
the dual of a Fano linear section X12 is a canonical curve F = = Xyi 
(the superscript being the genus, and the subscript the degree), and 
the dual of a K3 linear section 5* is another K3 surface S of degree 12. 

Lemma 2.2. Let P'^+'^ vjith A; = — 1, or 1 he a linear subspace in F^^ , 
transversal to S. Then the orthogonal complement (P''+'^)^ = p'^'-^ is 
transversal to S^. Thus there is a natural way to associate to a linear 
section of S which is a Fano threefold, a K3 surface, resp. a canonical 
curve, the orthogonal linear section ofL"^, which is a canonical curve, 
a K3 surface, resp. a Fano threefold of degree 12. 

Proof. Assume that c G X = P'^+'^ fl S is a singular point. We can 
represent P'^+'^ as the intersection of 8 — /c hyperplanes, so that X = Sfl 
P^^ n . . . nP^^_^ . As c is a singular point, we can replace the Ui by some 
linear combinations of them in such a way that c G H^^ = Singi^ug. 
We can even represent X as the intersection S fl P^'^ fl . . . fl Pu^_j. with 



Ui G X, since the span of the dual section X = P'^ fl is the whole 

By reflexivity of tangent spaces, c G 11^^ implies that T^qS^ C He = 
pi4 pi j^v_ ^^-^ complete c to a sequence c = Cq, . . . , 07+^ in such a 
way that X = n Pj^ n . . . n Pj^^^, and the fact that F]^ contains the 
tangent space T„gS'' implies that Uq is a singular point of X. We have 
proven that if X is singular, then X is. By the symmetry of the roles 
of X and X, the converse is also true. □ 

For future reference, we will cite the following lemma on plane sec- 
tions of S. As S is an intersection of quadrics, every nonempty section 
of it by a plane P^ is either a 0-dimensional scheme of length < 4, or a 
conic (possibly, reducible), or a line, or a line plus a point, or the whole 
plane. Mukai proves that the case of length 4 is impossible: 

Lemma 2.3. S has no A-secant 2-planes. 

Proof. This is Proposition 1.16 of | lVlu-2|| . □ 

Lemma 2.4. For any w G S^, the singular locus of H^) is a projective 
space P^, linearly embedded into F^^ , and it consists only of points of 
multiplicity 2. Denote this P^ by Uf^, and its complement \ 11^ 
by Uw Then the linear projection pr^ : — >P^ with center 11^ is 
surjective onto the Grassmannian G{2, 5) C P^ and induces on the 
structure of the universal vector subbundle of x G{2, 5) of rank 3. 

Proof. The statement about the multiplicity of at the tangency lo- 
cus follows from formulas and Proposition 2.6 in | Mu-2 ], saying 
that muh^ = i(dimP^ n P^ + 1). 

The fact that the tangency locus of P^"^ is a linearly embedded P*^ 
follows from a quite general observation, which one can refer to as 
the reflexivity property of the tangent spaces (see Let Y C P^, 

Y* C P^'' be dual to each other, dimF = n, dimY* = n* . Then 
for any nonsingular point [H] G Y* representing a hyperplane H in 
P^, the latter is tangent to Y along the linear subspace 11 of dimension 
X — n* — 1, consisting of all the points [h] G P^ such that T[h]Y* C h {a 
point [h] G P^ represents a hyperplane h C P^^). In our case X = 15, 
n = n* = 10, so the tangency locus 11 is P^. Now write down the 
projection with center 11 in coordinates. By homogeneity of S]^2^, we 
can choose coordinates (m : X : ^) in such a way that w = (1 : : 0) 
(in dual coordinates) , so that the equation of the hyperplane section is 

H^ = j:n{u = o). 

In these coordinates, C P^"* is defined by the restrictions of the 
equations (|) for S C P^^: 



= Pf(X) LXy = 0. 
Therefore either rk X = 2 or X = 0, and 



where 



= {{0 : X : y) e : ikX = 2, yekeiX}, 

and 

Ut = H,-U, = {{0:X ■.y)eH, -.ikX = 0} = {{0:6: y): ye C'}. 

The constraint ikX = 2 cuts out exactly the Grassmannian G(2,5), 
and y G kerX defines the universal kernel bundle of rank 3 on it. This 
proves our assertion. □ 

Now let X = S n W'^^^ for A; = — l,Oorlbea general linear section 
of the spinor tenfold, and X = ]P''~'= n its dual. For any w e X, let 



pr^ : f/^ — ^G{2,5) be the linear projection of Lemma |2]J. We have 
X C Hyj, and the nonsingularity of X implies that X fl 11^ = 0, that 
is X C Uw Let TT^ = pr^ \x- Remark that X is a linear section of 
and the fibers of pr^ are linear subspaces in 11^, so the fibers of tIj^ 
are also linear subspaces. They are obviously 0-dimensional if X is a 
curve {k = —1). As Pic(X) = Z for k = 0,1, they are 0-dimensional in 
these CcLSGS cLS well, and hence vr^ is a linear isomorphism of X onto its 
image in ^(2,5). Moreover, X = F'^^^ n U^, hence (X) = P^+'= does 
not meet and 7r^((X)) = (7ru,(X)) is of dimension 7 + k. 

We will now investigate an arbitrary linear embedding of X into 
G{2, 5). To this end, we will need Mukai's description of the embedding 
of X into the spinor tenfold. Let us forget that our X is a linear 
section of S and construct a spinor embedding of it in a functorial way. 
Consider X as a projectively normal subvariety of some projective space 
P^^'^ and denote by Ix the ideal sheaf of X in this projective space. 



According to pvTi>l|] , pvTu^j , the vector space V = /7°(P^+'=, Jx(2)) 



is 10-dimensional, the subspace Up = iJ°(P'^+^, Jx(2 — 2p)) C V is 5- 
dimensional for any p G X, and this yields a map rjx '■ X — >G(5, V), 
p ^ Up. There is only one quadratic relation between the elements 
of V (Theorem 4.2, ||Mu-2|| ) providing a quadratic form qy on V, and 
all the spaces Up are maximal isotropic with respect to qy- Thus the 
image of rjx lies on one of the spinor varieties E='= in G{5, V) associated 
to the quadratic form qv- Mukai proves (Theorem 0.4, ibid.) that rix is 
an isomorphism onto its image. Let us declare this spinor variety to be 
E+, and denote the image of X by X"*". Then X is naturally embedded 
into E~, with image X~, and we can use the incidence formulas (|]), 

®, (I)- 
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Lemma 2.5. Let X he as above, and i : X ^ G{2, 5) a projective linear 
embedding, U = H^{{G) ,Tg{2)) the dimensional space of quadrics 
passing through G. Assume that the natural map i* : U — >V is injective 
and that i*{U) is maximal isotropic with respect to qv- Then there exists 
w G X~ such that the map i o rj^^ : X"*" ^ G{2, 5) and the restriction 
: X+ — ^G{2, 5) of the projection pr^ defined in Lemma \2.4i are 
equivalent under the action of PGL{5) on G(2,5). 

Proof. Consider G = G(2, 5) in its Pliicker embedding in and 
identify U with its image in V. We have dimf/ = 5 and Zp = 
if°((G),XG'(2 — 2p)) C f/ is 2-dimensional for every p This defines 
a hnear isomorphism ( : G — >G{2,U). Thus, the original embedding 
i : X --^ G{2, 5) is equivalent to the map (x '■= C ° '■ ^ ^ G{2, U), 
sending a point p G X to the 2-plane Zp = U H Up. By (H), 
w = [U] E T,~ , by d^), X'*' C i?^, and we obtain the linear projec- 
tion Tiyj : X+ — >G{2,5). Let us complete U = Uoo to a decomposition 
V = UqQ) Uoo of V into the direct sum of maximal isotropic subspaces. 
Then, as in the proof of Proposition ^?2| , (i), w = su^ G and 7r^(p) 
is the Pliicker image ^ = ^UpnUa^ of the 2-plane Zp = U H Uoo- This 
ends the proof. 

□ 

Lemma 2.6. Let X be a nonsingular Fano 3-fold (k = 1) or a K3 
surface of genus 7 with Picard number 1 (k = 0). Then for any 
linear embedding i : X ^ G{2, 5) such that the map i* : U = 
H^{{G),Ig{2)) — >V = H%{X),Ix{2)) IS mjective, U is a maximal 
isotropic subspace of V with respect to the quadratic form qv . 

Proof. Assume that U is not isotropic. Then qy defines a 3-dimensional 
quadric Q in F{U). In the notations from the proof of Lemma |2.5| , the 
isotropy of the 5-spaces Up implies that the projective lines P(f/ fl Up) 
{p G X) are all contained in Q. Thus the map p t-^ P(f/ fl Up), projec- 
tively equivalent to z, transforms X isomorphically onto a subvariety 
of the family of lines (^(l; Q) on the 3-dimensional quadric Q. 

Let k = 1, that is X is a Fano threefold. If Q is nonsingular, 
G{1;Q) ~ P^, and this is absurd, as X 9^ P^. If Q is of rank 4, 
then the family of lines on Q has two components, each one of which 
is a P^-bundle over P^; this is absurd because X does not contain any 
plane. The cases of smaller rank lead also to contradictions, hence U 
is isotropic. 

The argument is similar for the case of a K3 surface: if rkQ = 5, 
then X C P^, which is absurd, and if rkQ = 4, then X has a pencil 
of curves defined by the P^-bundle over P^, but the generic K3 surface 
has no pencils of curves. 
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□ 



Similar statements hold also in the case /c = — 1, but the proof uses 
vector bundle techniques and is postponed until Section ^. 

3. Elliptic quintics and rank-2 vector bundles on X12 

Let X = X\2 = n S be a Fano 3-dimensional linear section of the 
spinor tenfold S. An elliptic quintic in X is a nonsingular irreducible 
curve C C X of genus 1 and of degree 5. We will also deal with degen- 
erate "elliptic" quintics, which we will call just quasi- elliptic quintics. 
A quasi-elliptic quintic is a locally complete intersection curve C of 
degree 5 in X, such that h^{Oc) = 1 and the canonical sheaf of C is 
trivial: uc = Oc- A reduced quasi-elliptic quintic will be called a good 
quintic. 

Lemma 3.1. Let C E X be a quasi- elliptic quintic. Then (C) = F^, 
where the angular brackets denote the linear span. 

Proof. Assume that C C P^. Then a general section of C by a plane 
p2 p3 jg 0-dimensional scheme of length 5. This contradicts Lemma 



0[ Hence dim(C) > 4. 

To prove the opposite inequality, it suffices to show that 
/i°(C, 0c(l)) < 5. This follows from the Serre duality and Riemann- 
Roch formula. □ 

Starting from any quasi-elliptic quintic C C X, one can construct 
a rank-2 vector bundle S with Chern classes ci{S) = 1, C2{S) = 5. It 
is obtained as the middle term of the following nontrivial extension of 
Cx-modules: 

0—^Ox^£^Icil)^0 , (7) 
where Xc = Xc,x is the ideal sheaf of C in X. One can easily verify (see 



MT|| for a similar argument) that, up to isomorphism, there is a unique 
nontrivial extension (|^, thus C determines the isomorphism class of S. 
This way of constructing vector bundles is called Serre's construction. 
The vector bundle S has a section s whose scheme of zeros is exactly 
C. Conversely, for any section s G H^{X,S) such that its scheme of 
zeros (s)o is of codimension 2, the vector bundle obtained by Serre's 
construction from (s)o is isomorphic to S. As det£^ ^ Ox{^), we have 

The proofs of the following three lemmas are standard; see, for ex- 
ample, ||M'1]| , where similar facts are proved for elliptic quintics in a 
cubic threefold. 
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Lemma 3.2. For any quasi-elliptic quintic C <Z X , the associated 
vector bundle £ possesses the following properties: 

(i) h%S) = 5, h'{£{-l)) = W i e Z, and h\£{k)) = V i > 0, 
A; > 0. 

(ii) £ is stable and the local dimension of the moduli space of stable 
vector bundles at [£] is at least 1. 

(Hi) The scheme of zeros (s)o of any nonzero section s G H^{X,£) 
is a quasi- elliptic quintic. 

(iv) If s,s' are two nonproportional sections of £, then (s)o 7^ {s')o. 
This means that (s)o and (s')o are different subschemes of X. 



Lemma 3.3. Let £ be a vector bundle as in Lemma \3. ^ , C the scheme 
of zeros of any nonzero section of £, andMc/x its normal bundle. 

Then the following properties are equivalent: 

(i) h\J\fc/x) = 0; 

(11) h\Mc/x) = 5; 

(Hi) h\£''^£) = 1; 

(iv) h'^{£'' ®£) = 0. 

If one of the properties (i)-(iv) is verified, then we have: 

(a) The Hilbert scheme Hilb^ of subschemes in X with Hilbert poly- 
nomial x{^) = 5n is smooth and of dimension 5 at the point [C] rep- 
resenting C . 

(b) The moduli space Mx = Mx(2;l,5) of stable vector bundles of 
rank 2 with Chern classes Ci = 1, C2 = 5 is smooth and of dimension 1 
at the point [£] representing the vector bundle £. 

(c) [£] has a Zariski neighbourhood U in Mx with a universal vector 
bundle S over U xX , and the projective bundle P(pr^^ £) is isomorphic 
to an open subset Hu o/Hilb^ via a map that can be defined pointwise 
on the fiber over each point t E U by s ^ (s)o, where s G (pr^^ £)t = 
H%X,£,). 

The map [D] 1— [££)] given by Serre 's construction is a smooth mor- 
phism from Hjj onto U with fiber = FH'^{£o). 



Lemma 3.4. Let £ be a vector bundle as in Lemma C the scheme 
of zeros of any nonzero section of £, andMc/x its normal bundle. Then 
h'^[£'^ ^ £) if and only if Mc/x is a decomposable vector bundle on 
C. In this case Mc/x ^ Cc © Oc\l) and h'^{£'' ®£) = h\Mc/x) = 1- 

Now we will exploit the restrictions of the vector bundles £ to the 
hyperplane sections H G X, which are K3 surfaces of genus 7. 

Lemma 3.5. Let £ G Mx(2; 1,5), H a general hyperplane section of 
X , and £h = £\h the restriction of £ to H . Then £h is stable and has 
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the following cohomology: h^lSn) = 5, h^lSnin)) = for all n G Z, 
h^iSnin)) = for all n > 0. 

Proof. By [[Ma|] , Theorem 3.1, is Mumford-Takemoto semistable 
for general H. Hence h^{SH{—^)) = 0, and the determinant of Sh{ — ^) 
being odd, the semistabihty is equivalent to the stability. We have 
x{Sh) = 5 and h'^iSn) = = 0, so h'^iSn) > 5. Let s be 

a section of Sh and Z = (s)o its scheme of zeros. It is 0-dimensional, 
because if it contained a curve from then Eu^—k) would have 

nonzero global sections. Thus s defines a Serre triple 

0^O^^H^Xz(l)^0 (8) 

which provides the equivalence 

h^{EH) = 5 + k dim(Z) = 3 - fc, 

where the angular brackets denote the linear span. If we assume that 
hP{EH) > 5, then Z C P^, which contradicts Lemma p.3| . Hence 
H'^ISh) = 5, h'iSn) = for z > 0. Twisting §) by 0{n), we deduce 
the remaining assertions. □ 

In fact, by the same arguments as above, one proves: 



Lemma 3.6. Let S be any nonsingular surface linear section of 
hy a subspace P'^ with Picard group Z. Then a rank-2 vector bundle 
E on S with Chern classes Ci = 1, C2 = 5 is stable if and only if it 
is obtained by Serre's construction from a zero- dimensional subscheme 
Z of S whose linear span is P^. The twists E{n) of any such vector 
bundle on S have the same cohomology as Sh in Lemma [X 



Lemma 3.7. Let £ e Mx(2;l,5). Then h\S{-l)) = for all i e 
Z, and £ can be obtained by Serre's construction from a quasi- elliptic 
quintic C G X. Hence £ satisfies also the properties (i), (Hi), (iv) of 



Lemma 



Proof. The exact triple 

— ^£{n - 1) — ^£{n) — ^£H{n) — >0 (9) 
for generic H together with Lemma p.5| implies that h'^{£{n — 1)) 



h'^{£{n)) and h\£{n - 1)) > h\£{n)) for all n > 0. By Kodaira 
vanishing theorem, h'^{£{n)) = for n » 0, hence h'^{£{n)) = for all 
n > —1. Now look at the same triple for n = 0. By stability and Serre 
duality, {£{—!)) = {£{—!)) = 0; and we have just proved that 
h"^ {£{—!)) = 0, which implies, by Serre duality, that {£{—!)) = 0. 
Hence h\£{n)) = for all n > 0. As x(^) = 5, h^{£) = 5. Take 
any section s 7^ of Its scheme of zeros C = (s)o is of codimension 
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2, because 1)) = 0, so S is obtained by Serre's construction 

from C. □ 



4. The map px : X — >Mx 

Let X = P''+^ n E for fc = — l,Oorlbea nonsingular linear section 
of the spinor tenfold S, and X = P''' f] its dual. In the case = 0, 
assume that X is sufficiently general, so that PicX ~ Z. In the case 
k = —1, assume that X is a generic curve of genus 7. 

Let Mx be the moduli space Mx{r;ci,C2) of stable vector bundles 
of rank r = 2 on X with Chern classes Ci = 1, C2 = 5 in the cases 
when X is K3 or Fano {k = 0, 1), and the non-abelian Brill-Noether 
locus W°j^ of stable vector bundles on X of rank r = 2 with canonical 
determinant K and with at least a = 5 global sections in the case when 



X is a canonical curve {k = —1). In Proposition O, we will construct 
a natural morphism p = px '■ X — ^Mx- 

Lemma 4.1. Let i : F — *G{2, 5) he an embedding of a generic canoni- 
cal curve of genus 7, linear with respect to the Pliicker coordinates and 
such that {i(T)) = P^. Let Qq be the universal quotient rank-2 bundle 
on G = G{2, 5) and S = i*QG- Then S is stable and h^{S) = 5. 

Proof. Assume that h'^{£) < 5. Then there is a section of Qg vanishing 
identically on the image of F. The zero loci of the sections of Qg are the 
sub-Grassmannians (7(2,4) in G, so i embeds F into some G(2,4) C 
G. This is absurd, because the linear span of G(2,4) is P^, but by 
hypothesis, that of i(F) is P^. Thus, h^{S) > 5 and the restriction map 
i* : H°{G, Qg) — >H'^(T,S) is injective. Denote by W the image of i*. 
The initial embedding i is projectively equivalent to the map 

ipw-xeT^W^ = {ueW^ \ u{s) = V s e lyj G G(2, W^), 

where Wx = {s E W \ s{x) =0} is of codimension 2 for any a; G F. 
Assume that S is non-stable. Then there is an exact triple 

— >Li — >S — >L2 — >0, 

in which Li, L2 are line bundles, L2 = uJr ® L^^ and degLi > 6. 
Remark first that the case h^{L2) = is impossible. Indeed, in this 
case all the sections of S are those of the line subbundle Li and the 
subspaces are of codimension 1. 

Assume now that h°{L2) = 1. Then either W C H^{T,Li) and this 
brings us to a contradiction as above, or the map W — >H^(T,L2) is 
surjective. In the latter case the Pliicker image of (pwiX) is contained 
in a linear subspace P^ of P^ of the form (ei A 65, 62 A 65, 63 A 65, 64 A 65), 
where Ci, . . . , 65 is a basis of W such that 65 generates the image of 
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the natural inclusion if°(r, ^2)"^ — >W'^. This is absurd, because ipw 
is projectively equivalent to i and the linear span of z(r) is P^. 

Hence h^{L2) > 2. As F has no gl, we have degL2 > 5. Hence 
deg L2 = 5 or 6. 

1^^ case: degLi = degL2 = 6. By Riemann-Roch, h^{Li) = h^{L2). 
As h^{£) must be at least 5, we have h^{Li) > 3, i = 1,2. Therefore 
r has two (possibly coincident) (7q's. By [[A(JGH |, Theorem V.1.5, the 
expected dimension of the family of linear series g"^^ on a curve of 
genus g is Pg^^r = 9 ~ ij + ^){9 — d + f)i and GJJ = for a generic curve 
of genus g if Pg^d,r < 0. Hence a generic V of genus 7 has no (yfg's. 

case: degLi = 7,degL2 = 5. If /^^(La) > 3, then T has a c/^, 
which is impossible by the same argument as above. So, h^{Li) = 
3,h^{L2) = 2. The Bockstein morphism 6 : H^{L2) — >H^{Li) being 
given by the cup-product with the extension class e G H^{Li ^) = 
H^i^Lf^y , the vanishing of 5 implies that of e. Hence £ = Li (B L2. 
Let Si, S2, S3 be a basis of H^{Li) and ^1,^2 that of H^{L2). Then y^vF 
can be given in appropriate Pliicker coordinates by x t-^ (si(x)ei + 
S2(a;)e2 + S3(a;)e3) A (ti{x)ei + ^2(3^)65). Thus if we fix t = (ti : ^2) we 
will get a plane = (ei, 62, 63) A (tic^ + ^2^5) in G{2, 5) which meets 
(pwiX) in 5 points in which (ti{x) : ^2(2;)) = (ti : ^2)- This contradicts 
Lemma |2l 



According to ||BF|] , the non-abelian Brill-Noether loci W2K on a 
generic curve of genus g < 8 are empty if and only if their expected 
dimension d = 3g — 3 — a{a + l)/2 is negative. Hence in our case 
W^K = ^ and h\E) = 5. □ 



Proposition 4.2. Denote by pr^ : f/^ — >G{2,5) for any w & X the 

linear projection of Lemma \2.^ . We have X C Uw = iy^\H^. Lei vr^ = 
pr^ \x- It is an isomorphism of X onto its image in G(2,5). Define 
a rank-2 vector bundle £ = £w on X as the pullback of the universal 
quotient rank-2 bundle on the Grassmannian: £w '■= 7r^QG(2,5)- Then 
£u, is stable and the map p = px '■ w ^ [£w] is a morphism from X 
to Mx- Any vector bundle £ in the image of p possesses the following 
properties. 

(i) h^{£) = 5 and ifk = (resp. k = 1), then £ is obtained by Serre's 
construction from a I. c. i. 0-dimensional subscheme Z of length 5 such 
that {Z) = (resp. from a quasi- elliptic quintic G C X). 

(a) £ is globally generated and, for a generic section s of £ , (s)o is 
a smooth elliptic quintic if k = 1 and a subset of 5 distinct points if 
k = 0. 
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(Hi) Let k = 1, that is X is a Fano threefold. Then the family of 
singular curves (s)o (s G H^{S)) is a divisor in FH^{S). For generic 
p & X , there are at most three curves (s)o which are singular at p. 

Proof. In the case k = —1, the wanted assertion is an immediate con- 
sequence of Lemma [4.1| . Consider now the case k = 1. It implies easily 
the one of A; = by taking hyperplane sections. We will first prove 
part (i), and the stability of Sw will follow from Lemma p.2| . 

(i) The sections of Qg(2,5) are in a natural one-to-one correspondence 
with linear forms i on the 5-dimensional vector space W, if we think 
of G{2, 5) as the variety of 2-planes 11 in W, the fiber Qt of Qg(2,5) at 
t G G{2,5) being just 11^. Let Si be the section of Qg(2,5) associated 
to i] denote by the same symbol the induced section of pr^ Qg{2,5) and 
by s its restriction to X. 

Let us choose coordinates {u : Xij : yk) in P-^^ in such a way that the 
equations of {se = 0} acquire a very simple form. First of all, as in the 
proof of Lemma |2.4| , we choose the origin at w, so that w = (1 : : 0). 
In a coordinate free form, we fix an identification of S with S"^, as in 
Section 1, corresponding to a decomposition V = Uq ® Uoo of a 10- 
dimensional vector space V endowed with a nondegenerate quadratic 
form into the direct sum of maximal isotropic subspaces, and choose 
w = Su^ G S~. Then by (H), the A^Uoo component of the pure spinor 
su associated to any maximal isotropic U C V, [U] E 11^ = \ 11^, 
is just the Pliicker image ^ = iunu^ of the 2-plane U fl U^o] in the 
notations of (H), ^ = 64 A 65. Thus the above 5-space W used for the 
definition of G(2,5) is naturally identified with Uoo- So, if we choose 
coordinates (xi, . . . , X5) in Uoo in such a way that £ = 0:5, we obtain the 
following equations for the zero locus of in the Pliicker coordinates 
associated to (xi, . . . ,x^): X15 = X25 = X35 = X45 = 0. To these, one 
should add the equation m = of and the 10 quadratic ones for 
E = S"*". Five of the latter ones are trivially satisfied under the above 
linear constraints, so finally we obtain the following system of equations 
for the closure of {s^ = dU^ in P^^: 



M = xis = X25 = a;35 = 2:45 = 



,+ 



xi2X'ii - 0:13X24 + a;23a;i4 = 



^2 = -xi2yi 
q- = -xisyi 



I1 = 



3^12^2 + a^isZ/s + = 

+ X23y3 + X2m = 

- X23y2 + 2:341/4 = 

- X24y2 - X34y3 = 
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The five quadratic equations are just (up to sign) the quadratic Pfaf- 
fians of the skew-symmetric matrix 






-yi 


1/2 


-1/3 


1/4 


yi 





2:34 


a;24 


a;23 


-1/2 


— X34 





Xi4 


a;i3 


1/3 


-3^24 


— Xi4 





X12 


-1/4 


-a;23 




-X12 






By an obvious hnear change of variables, we see that 
the quadratic Pfaffians of M define the 6-dimensional Grass- 
mannian (7(2, 5) in the projective space with coordinates 
I/I5 1/2, 1/3, 1/4, a;i2, X13, a;i4, X23, 0:24, X34, and in taking into account the co- 
ordinate ?/5 missing in all the equations, we conclude that is the 
7-dimensional cone over G(2, 5) with vertex (0 : . . . : : 1) G P^^. 

It is well known, that the degree of G(2, 5) is 5 and that its curve 
linear sections are quintics with trivial canonical bundle |[Hu|| , so the 
same property is true for Z^, if one considers only complete intersec- 
tion linear sections (that is, defined by 6 equations). Adding to the 
above equations of Zi the 6 linear equations of X in if^, we obtain the 
wanted zero locus (s)o of s = Si\x as a linear section of Z^ of expected 
dimension 1. If it is indeed a curve, we are done. It cannot contain 
a surface, because the degree of the surface would not exceed 5, but 
the Picard group of X is generated by the class of hyperplane section 
which is of degree 12. Finally, s cannot be identically zero. Indeed, as- 
sume the contrary. The map vr^ projects X linearly and isomorphically 
onto its image X in G(2, 5), and the fact that s = means that X is 
contained in the zero locus of s^. The latter is the Schubert subvariety 
crii(L), where L denotes the hyperplane £ = in V^, that is the Grass- 
mannian (7(2, 4) of vector planes contained in L. This is impossible, 
because X cannot be represented as a hypersurface in a 4-dimensional 
quadric. This proves the wanted assertion about the loci (s)o and that 
if°(G'(2,5), Qg(2,5)) is mapped injectively into H^{X,£w). 

(ii) Qg(2,5) is globally generated, hence so is £yj = 7r;^QG{2,5)- The 
smoothness of the zero locus of the generic section follows then by 
Bertini Theorem. 

(iii) Consider X as a subvariety of G{2, 5). Let us verify that for any 
p G X, there is a Grassmannian G(2,4) = o"ii(L) passing through p 
and such that its intersection with X is not transversal at p, that is, 
dimTpX n TpG(2, 4) > 1. To this end, choose a basis ei, . . . , 65 of 

in such a way that p = [ei A 62]. We may assume that au{Lo) fl X 
is a smooth elliptic quintic, where Lq = (ei, 62, 63, 64) and that TpX is 
not contained in the span of crii(Lo). Assume also that there is no 

18 



line on crii(Lo) through p whose tangent direction coincides with that 
of the elhptic quintic; the case when there is one is treated similarly. 
Under this assumptions we can represent a basis of TpX in the form 
(ei A 63 + 62 A 64, ei A 65 + OuCi A 64 + 02362 A 63 + 02462 A 64, 62 A 65 + 61461 A 
64 + 62362 A 63 + 62462 A 64), where aij, bij are constants. Any L such 
that p G crii(L) is given by the equation 0:3X3 + 04X4 + 05X5 = 0. Then 
Tpcrii(L) is spanned by four bivectors CiAvj, I < i, j < 2, where {vi, V2) 
is a basis of the vector plane {ctaXs + 04X4 + 0:5X5 = 0} C (63, 64, 65). 
For example, if 05 7^ 0, then one can choose Vi = — O563 + O365, 
V2 = — O564+O465. It is an easy exercise to check that the 7x8 matrix of 
components of the vectors generating TpX + Tpaii{L) is of rank < 6 for 
at least one value of (03 : 04 : 05) G P^, and if the number of such values 
is finite, then it is at most three. Since a generic curve (s)o G FH^{S) 
is smooth, the family of singular ones is at most three-dimensional. We 
have seen that the subfamily Zp of curves (s)o G FH^{S) singular at p 
is nonempty for any p G X, hence, by a dimension count, Zp is finite 
for generic p. This ends the proof. □ 

Part (ii) of the Proposition implies the following corollary. 

Corollary 4.3. In the case k = 1, the family of elliptic quintics in X 
is nonempty. 

For instance, we have not even verified that the morphism p : 
X — ^Mx is non-constant. This follows from the next lemma. 

Proposition 4.4. The image of p is an irreducible component of 
Mx. 

Proof. It suffices to prove that the image of p is open. Let Sq be a 
vector bundle on X in the image of p. Then So is generated by global 
sections and the natural quotient map H^{X, Sq) (g) Ox — defines a 
linear embedding of X into the Grassmannian G{2, 5) of 2-dimensional 
quotients of = H'^{X,So). This is an open property and it will be 
verified for a vector bundle £^ in a neighborhood of Sq in Mx- Also the 
conditions in the hypotheses of Lemmas ^.6| are open, so, in the 



cases when X is either a K3 surface or a Fano threefold {k = or 1), 
the embedding of X into G{2, 5) by global sections of S is given, up to 
a linear change of coordinates, by the projection vr^, for some w E X, 
and hence S is in the image of p. The case k = —1 follows in the same 
manner from Lemma H75| below. □ 



Lemma 4.5. Let X = T be a generic canonical curve of genus 7. 
Under the hypotheses of Lemma suppose in addition, as in Lemma 
that the map i* : U = H%{G),Ig{2)) — >V = H%{X),Ix{2)) is 
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injective. Then U is a maximal isotropic subspace of V with respect to 
the quadratic form qy. 



Proof. Assume that U is not isotropic. As in the proof of Lemma 
qv defines a 3-dimensional quadric Q in ¥{U) and the isotropy 
of the 5-spaces Up imphes that the projective hues P(f/ fl Up) are all 
contained in Q. Let £ = i*{QG) be the pullback of the universal 
quotient rank-2 vector bundle on G = G{2,5). The fiber of S over 
p G X is canonically identified with the dual of the 2-plane U (1 Up. 
By Lemma |4.1| , it is stable and h^{X,S) = 5. We can now apply 
Proposition 4.1 of \\tih]\ , which yields the injectivity of the modified 
Petri map Sjm^ {H^ {X , £)) — ^H^{X,Sjm^{£)). Further, the authors 



of ||BF|| prove in the Claim on p. 267 that the injectivity of the modified 
Petri map is equivalent to the following property: there is no quadric 
Q in F{H^{X,£)*) containing all the lines F{£^) for xeX. This ends 
the proof. □ 

Proposition 4.6. Let k = —1, that is X is a generic canonical curve 
of genus 7. Then Mx is a Fano threefold of genus 7 and px '■ X — ^Mx 
is an isomorphism of Fano threefolds. 



Proof. Mukai ||Mu-5 | has proved that Mx is a Fano threefold of genus 7 



with Picard number 1. By Proposition [4.4| , px is surjective. It is easy 
to see that any non-constant morphism between two Fano threefolds 
of genus 7 with Picard number 1 is an isomorphism. Indeed, let / : 
Xi — >X2 be such a morphism. The fact that PicXi ~ Z implies 
that / is finite of degree 6 > 1. Suppose that 6 > l.As Xi,X2 are 
smooth, the ramification divisors Aj C Xi are smooth surfaces. Let 
Hi be a hyperplane section of Xi. We have, for some positive integers 
d > 1,6 > 1, the following relations: 

f*H2 ~ dHi, Kx, ~ -Hi, /*A2 ~ Ai, Kx, ~ fRx, + (e - l)Ai. 

One deduces immediately the relations 

rf— 1 d—l e 
Ai ~ -Hi, A2 ~ — — ■ -H2. 

e — 1 d e — 1 

As the Aj are integer multiples of Hi, we conclude that d = e and 
Aj Hi {i = 1,2). Hence Pic(X2 \ A2) = 0, and this contradicts the 
fact that / induces a non-ramified covering of X2 \ A2. Hence 5 = 1 
and / is an isomorphism. □ 

Proposition 4.7. If k = 0, that is, X is a K3 surface, then Mx = 
is a K3 surface; in particular, it is irreducible and nonsingular. 
Moreover, if X is generic, then px '■ X — ^Mx is an isomorphism of 
K3 surfaces. 
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Proof. The first assertion is due to Mukai (Proposition 4.4 in [Mu-Q| 



or Theorem 6.1.8 in |[HL|| ). The fact that px is an isomorphism follows, 
as above, from Proposition [4.4| and the fact that there are no surjective 
morphisms between K3 surfaces that are not isomorphisms. □ 

Corollary 4.8. If k = 0, that is, X is a K3 surface with Picard 
number 1, then any £ G Mx is globally generated, and for generic 
s G H^{X, S), the zero locus (s) is a set of 5 distinct points which span 

Proof. By Proposition [4.7|, Mx is the image of p and the wanted asser- 



tions follow from Proposition 4.2. □ 



Proposition 4.9. Let k = 1, that is, X is a generic prime Fano 
threefold of degree 12. Then any S G Mx is globally generated and the 
curve (s) is a (smooth) elliptic quintic for generic s G H^{X,£). 



Proof. In the setting of Lemma p.7| , we deduce from the restriction 
isomorphism H^{X,S) — >H^{H, £h) and from Corollary 18 that for 



generic s G H^{X,£), the curve Cg = (s)o is reduced and may be 
singular only at a finite set of points T G X where S is not generated 
by global sections. If the restriction Sh of S to some K3 linear section 
H of X through a point x G T were stable, we would apply the same 
argument to see that Sh, and hence S itself is globally generated, which 
would be a contradiction. Hence T possesses the property that for any 
X G T and for any nonsingular K3 linear section H passing through 
X, Sh is unstable. By Lemma |3]^ and the restriction exact sequence 
(j^), h^{SH{—^)) = 0, hence Sh is stable for any nonsingular K3 linear 
section H of X such that Pic(if) ~ Z. By Theorem 5.4 of ||Mo|| , this 



condition is verified for a very general H ("very general" means "in the 
complement of a union of countably many Zarisky closed susbsets"). 
But the proof in |[Mo|| actually implies a subtler result in dimension 3: 



Lemma 4.10 (Moishezon). Let V be a nonsingular projective 3-fold 
and {Ht}teP^ ^ Lefschetz pencil of hyperplane sections of V such that 
h'^'^{Ht) > h'^'^{V) for the nonsingular members Ht of the pencil. As- 
sume also that the base locus of the pencil is a nonsingular curve. Then 
the restriction map Pic(l^) — >Pic(iJt) is an isomorphism for a very 
general t G . 

It is easy to see that through any point x G X passes a Lefschetz 
pencil of K3 linear sections satisfying the hypothesis of the lemma. 
Hence S is globally generated and T is empty. □ 
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5. Takeuchi-Iskovskikh-Prokhorov birational maps 



The general setting for the constructions of the two birational maps 
that we will discuss is as follows: let X be a Fano 3-fold, and Z C X a 
point or a nonsingular curve. Let X' be the blowup of Z. Assume that 
the linear system | —nKx' \ for some n > defines a nontrivial birational 
morphism. Then it has only finitely many positive-dimensional fibers, 
which are curves, there exists a flop X' ---»• X"*" centered on these 
curves, and the resulting variety X^ possesses an extremal ray that 
can be contracted down onto some variety Y. Sometimes F is a 3- 
fold, and this is the case studied by Takeuchi-Iskovskikh-Prokhorov. 
In what follows, X = X12 is a prime Fano threefold of genus 7, Z will 
be either a point, or a conic in X. 

In order to identify the flopping curves we will need several facts 
about lines and conies in X. 

Lemma 5.1. The family of lines on X is parametrized by an equidi- 
mensional reduced curve t{X). A line i G X is a regular (resp. sin- 
gular) point of t{X) if and only if Mc/x — C'pi(— 1) © C^pi (resp. 
Mc/x — Ot^i{—2) © (9ipi(l)/ For generic X, t(X) is a nonsingular 
curve. 

Every line on X meets only finitely many other lines. The union of 
lines R{X) = |J i^j is a surface from the linear system \Ox{7)\, and 

v&t{X) 

a generic line meets 8 other lines on X . 

Proof. All the assertions, except for the nonsingularity of t(X) for 
generic X, follow from | |lsk-2|| , Proposition 1, | [lsk-l| ]. Proposition 2.1, 



(iv). Proposition 2.4, (iii). Lemma 2.6, and Theorem 3.1, (vii). Though 
the statement of the latter Theorem does not assert that the number 
of lines meeting the given one is 8, the proof gives this value (p. 808). 

Let us prove the nonsingularity of t(X) for generic X. By ||RS|| , 6.12, 
the family of lines t(S) on the spinor tenfold is a nonsingular irreducible 
15-dimensional variety which can be identified with the family of planes 
contained in the 8-dimensional quadric Q^. The identification is 
done as follows: the line C corresponding to a plane C 
is the pencil {w G | D P^}. The family of lines contained in 
the section of S by 7 generic hyperplanes is the scheme of zeros of a 
generic section of the rank-14 vector bundle V = 7Qt-(s) which is the 
7-uple direct sum of the universal rank-2 vector bundle. As Qt(s) = 
Qg(2,i6) |r(s) and Qg(2,i6) is generated by global sections, the same is 
true for V, so the generic section defines a nonsingular curve. □ 
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Lemma 5.2. Let X be a generic Fano threefold of degree 12 with Picard 
number 1. Then the family of conies on X is parametrized by a gener- 
ically reduced irreducible scheme T{X) of dimension 2 ( the 'Fano sur- 
face" of X). A generic conic C is nonsingular andNc/x — Of\ ©Cpi. 
The number of conies passing through a generic point of X is finite. 



Proof. By Proposition 4.2.5 and Theorem 4.5.10 of | [isk-P|| the scheme 
T{X) is generically reduced and equidimensional of dimension 2, and 
the number of conies passing through a generic point of X is finite. Let 
us prove that J^{X) is indeed irreducible. 

It is obvious that the family of Fano threefold linear sections of the 
spinor tenfold S that contain a fixed conic in E, if nonempty, is irre- 
ducible and of constant dimension 42. Hence the incidence variety / 
parametrizing the pairs (C, X) , where C C X is a conic and X is a 
Fano threefold linear section of S, is irreducible. The fiber of its pro- 
jection / — >G(9, 16) to the second factor over X is the Fano surface 
J-'(X). By a monodromy argument, to prove the irreducibility of .7-'(X), 
it suffices to present a distinguished component of J^(X) for generic X. 
To this end, we will construct a natural map Sym^F — >JF(X), where 
F is the dual of X, and the wanted distinguished component is the one 
containing the image of Sym^F. 

Identify E with E"*" and let m, f G F C be two generic points and 
'Pu,v = n P^. Then dimp^ ,; G {0,2,4}. The dimension is definitely 
not equal to 4. By the description of lines in S given in Lemma p.l| , it 
is not 2, because otherwise l~ would be a bisecant line of F contained 
in E~, but this would contradict the fact that F is a linear section 
of S~. So Pu^v is a point. The family of all the P'^'s in in each 
one of the two components passing through a given point p is a 
6-dimensional quadric G which can be identified with an orbit 
of Spin(8) C Spin(lO). We can complete u = ui,v = U2 to a. family 
of 7 points Ui, . . . , My G F in such a way that X is the intersection of 
S+ with 7 hyperplanes P^'^, i = 1, . . . , 7. Denote the hyperplane 
sections S+ n P?,^ 

It is easy to see that (5^+^ C H^nH^. Indeed, if P^ G Ql~l^, then 
u G P^ n P^, hence P^ H P| ^ and, by §), P^ G Similarly, 
P^ G H^. Hence (5^+^ n Hu-^ n . . . n C X is a conic. 

We have constructed a rational map / : F(2) — ^J^(X), and this ends 
the proof. 

□ 
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We will use the symbol C^[k]z to denote the family of all the con- 
nected curves of genus g, degree d, meeting k times a given subva- 
riety Z. More precisely, let Z C X be a nonsingular curve (resp. 
a point). Then C^[k]z is the closure in the Chow variety of X 
of the family of reduced connected curves C of degree d such that 
length {Ox/i^c +^z)) = k (resp. mult^C = k) and PaiC) = 9, where 
C is the proper transform of C in the blowup of Z in X. 

Birational isomorphisms $p : X12 Y^. These are birational iso- 
morphisms from a given variety X = X12 to a Del Pezzo threefold 
y = Y5 of degree 5 parametrized by a sufficiently general point p in X. 
The threefold is defined as a smooth section of the Grassmannian 
G(2, 5) C P%y a subspace It is a Fano threefold of index two, that 
is —Ky is twice the class of hyperplane section of Y. 

Theorem 5.3. Let X = X12 G be a smooth anticanonically ebbed- 
ded Fano 3-fold of index 1 and of degree 12, and let p G X be a suf- 
ficiently general point of X. "Sufficiently general" here means that it 
does not lie on a line in X and satisfies the condition (4-l)(**) from 
|[Isk-P|| . Then the following assertions hold: 

(a) The non-complete linear system \ Ox{3 — 7p) \ defines a bira- 
tional isomorphism = ip : X ^ Y , where Y = Y5 is the Fano 3-fold 
of index 2 and of degree 5. 

(b) The one- dimensional family C^\^\p of curves C G X of degree 7, 
of genus and such that multp{C) > 3 sweeps out the unique effective 
divisor M = Mp in the linear system \ Ox{5 — 12p) |. 

(c) The birational map (f : X Y can be represented as a product 
ip = TOKoa~^ , where a : X' ^ X is the blowup of p G X , k, : X X"*" 
is a flop over the double projection X" of X from p, and r : X+ Y 
is a blow-down of the proper image G X^ of M onto a canonical 
curve V gY gV^ of degree 12 (and of genus 7). The extremal curves 

G X~^ contracted by t are the strict transforms of the curves C G 

(d) The birational map ip = ip^^ : Y ^ X is defined by the non- 
complete linear system \ Oy{12 — 7T) \. 

(e) The two-dimensional family C^[12]y of curves C gY of degree 7 
and genus meeting T 12 times sweeps out the unique effective divisor 
N = N-p in the linear system \ Oy(5 — SF) |. The proper transform 
N' G X' of N coincides with the exceptional divisor a^^{p) = of a. 

The extremal curves C G X' contracted by a are the strict trans- 
forms of the curves C G C7[12]r. 

(f) Let qi, ...,qe G X be all the conies on X which pass through p, 
qi,---,qe G X' the proper transforms of qi,...,qe on X'. Let li,...,!^' 
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be all the bisecant lines to T which lie on Y, and /J*", Z,"^ the proper 
transforms ofli, le> on . Then for genericp ^ X we have e = e' = 
24, q[, ...,q'^ C M' (resp. C N^) are all the flopping curves of 

K (resp. and k, transforms q[ into If for an appropriate ordering 

of the li (i = 1, . . . ,e). The map tTjj, (resp. Tcf) is a small birational 
morphism contracting the curves g- (resp. If ) into isolated ordinary 
double points. It is given by the linear system \Kx'\ = — 2p| 

(resp. \Kx+\ = T*|Cy(2) — V\) and its image X = Y is a quartic 
threefold in P"^ with only e = 24 singular points 'n'2p{(li) (resp. TTf{lf) ), 
i = l,...,e. 

The statement of the theorem is illustrated by Diagram |1]. 



q[,...,q'e 



M', N' C X' 




extremal curves C7[3]j, 

extremal divisor 

M = Mp = \Ox{5-l2p)\ 



X = Y 



extremal curves C7[12]r 

extremal divisor 

N = Nr = |Oy(5 -3r)| 



Diagram 1. The birational isomorphism between X12 
and the Del Pezzo 3-fold Y^ = G{2, 5) n defined by a 
point p G X12. 



Proof. The parts (a)-(e) are essentially an expanded version of Theorem 
4.5.8, (ii) from Iskovskikh-Prokhorov |[lsk-P|] . According to loc. cit., 



the linear system of the divisor is nothing but the proper transform 



of I - 5a: 



x+ 



2M+I 



which coincides with our | Ox (5 — 12p) |. Other 
values of a,P in various linear systems — Pp)\ or |Cy(a — PT)\ 
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are extracted from the preliminary material of Chapter 4 in | Isk-P | 
(Lemmas 4.1.1-4.1.9). 

Now turn to the proof of (f). By [ [lsk-P|] , Lemma 4.1.1, the small 
morphisms iri^p, are given by n-th multiples of the anticanonical 
linear system for some n > 0. By ibid., the proof of Proposition 4.5.10, 
n = 1 and the image is a quartic threefold. By Lemma 4.5.1, the 
image F of any flopping curve of k in X belongs to one of the three 
types: a conic passing through p, a quartic with a double point at 
p, or a sextic with a triple point at p. But the second and the third 
types are impossible, because such curves F span P^, and hence F has 
a 3-dimensional family of 4-secant planes. It defines a 3-dimensional 
family of conies in X by Lemma |2.3| , which contradicts the fact that 
the family of conies on X is 2-dimensional. Hence the only flopping 
curves in X are the conies passing through p. 

By Lemma |5.2| , all the conies passing through p have normal bundle 
Mq./x — C^pi © Of'i. They also have different tangent directions at p 
(see Remark ^]6| below), so the curves q[ are disjoint. Hence Mq'jx' — 
Cpi(— 1) © Opi(— 1) and k consists in blowing up all the curves qi and 
blowing down the obtained exceptional quadrics x P^ along the other 
ruling. For such a one-storey flop, its defect {N'Y — (iV+)^ is just the 
number e of flopping curves. It can be determined from the second 
formula (2.6.4) of | l'ak| |; one obtains e = 24. 

To identify the images of q[ in Y , remark that the images qf of q[ 
under k are contained in and satisfy {qf)']^+ = {qi-N^)x = —1- As 
]\f+ 5t*H — 3M~^ , where H is the hyperplane section of Y, we obtain 
the equation 5degT{q^) — 3 length(r(g,^) fl F) = —1. Further, by the 
general definition of a flop, all the flopping curves have zero intersection 
number with the canonical class, so {qf ■ Kx+) = 0, which gives the 
equation 2degT{q^) — length(r(g/') fl F) = 0. Thus degr^ql') = 1, 
length(r(gj^) fl F) = 2, that is, T{q^) is a bisecant line to F. This ends 
the proof of the Theorem. □ 



The first application of this theorem is the following lemma. 

Lemma 5.4. Let p be a generic point of X . Then all the curves C G 
C5[2]p, except for finitely many of them, are irreducible good quintics 
with only one double point (node or cusp) at p, d\m.C^[2]p = 1, and 
there is a rational dominant map of curves tt : [2]p — ^Fjg of degree 
< 3, where Fjg is the genus-7 curve from the statement of Theorem \5. 5| . 

Proof. The map transforms the curves C from [2]p into lines meet- 
ing F one time, so all of them are rational curves with a node or a cusp, 
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except for finitely many ones which are transforms of lines in Y5 meet- 
ing the flopping curves. The structure of the family of lines on 1^5 is 
well known (see e. g. [[FN]| ) . There is only one variety I5 up 



to projective equivalence, and it possesses a S'L(2)-action with three 
orbits: Cg, Sio \ Cg and Y5 \ Sio, where Cg is a rational normal sextic 
curve and 5*10 its tangential scroll (the subscript indicates the degree). 
The family of lines on Y5 is parametrized by and through any point 
of the k-th orbit for = 1, 2, 3 (in the above order) pass exactly k lines. 
Define n by assigning to each C G Cgpjp the point of intersection of 

%{C) with r^2- n 

Birational isomorphisms with a three-dimensional quadric. 

This is the family of birational maps \l'q : X12 — >Q2 to the three- 
dimensional quadric Q2 C parametrized by a sufficiently general 
conic q C X. 

Theorem 5.5. Let X = X12 C P® he a smooth anticanonically ebbed- 
ded Fano 3-fold of index 1 and of degree 12, and let q C X be a suf- 
ficiently general conic in X . "Sufficiently general" here means that it 
satisfies the conditions (4-1) (*), (**) from |P^sk-P|| . Then the following 
assertions hold: 

(a) The non-complete linear system \ Ox (2 — 3g) | defines a bi- 
rational isomorphism ^q = ip : X ^ Q, where Q = Q2 is a smooth 
three-dimensional quadric. 

(b) The one- dimensional family C^[2]q of twisted cubics C d X 
meeting twice the conic q, sweeps out the unique effective divisor M = 
Mq in the non-complete linear system \ Ox{^ — 8q) \. 

(c) The birational map ip : X —>■ Y can be represented as a product 
if = T o Koa~^ , where a : X' —>■ X is the blowup along q G X , k : X 
X^ is a flop over the projection X" of X from q, and t : X^ — > Y 
is the blow-down of the proper image C X+ of M onto a curve 
T C Q of degree 10 and of genus 7. 

The extremal curves C X~^ contracted by t are the strict trans- 
forms of the curves C e Cgpjg. 

(d) The birational map ip = (p~^ : Q ^ X is defined by the linear 
system \ Oq{8 — 3T) \. 

(e) The one- dimensional family C^[8]r of twisted cubics on Q in- 
tersecting the curve T in a divisor of degree 8, sweeps out the unique 
effective divisor N = Nr in the linear system \ Oq{5 — 2r) |. The 
proper transform N' C X' of N coincides with the exceptional divisor 
a-\q) ^ pi X Pi of a. 
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The extremal curves C C X' contracted by a are the strict trans- 
forms of the curves C G C3[8]r- 

The statement of the theorem is illustrated by Diagram 



<p = |Ox(2-3g)| 

/n_ ^ r 

10 



conic q C Xu ^ " Q2 D 



= |OQ(8-3r)| 

extremal curves C3 [2]^ extremal curves C3[8]r 

extremal divisor extremal divisor 

M, = |0x(5 - 8g)| Nr = |0y(5 - 2r)| 



Diagram 2. The birational isomorphism between X12 
and the quadric 3-fold Q2 C P"^ defined by a conic q C 

-^12- 



Proof. See Iskovskikh-Prokhorov ||lsk-P|| , Theorem 4.4.11, (iii). □ 



Remark 5.6. According to [|lsk-P|j , p. 66 (Remark) and Proposition 



4.4.1, the conditions (4.1)(*)-(**) will be satisfied for a smooth conic 
g C X if: 

a) there is a finite number of lines on X which intersect g; 

b) there is a finite number of bisecant conies to g on X. 

It is easy to see that the property b) is automatically verified and 
in fact even a stronger condition is satisfied: there are no pairs of 
bisecant conies in X. Indeed, the union of two bisecant conies has a 
3-dimensional family of 4-secant planes P^, each of which determines 
a conic contained in X by Lemma p.3| . This is absurd, because the 
family of conies in X is 2-dimensional. It seems very likely that the 
property a) is also verified for any smooth conic on X. 

The second birational isomorphism also provides examples of good 
quintics in X: 

Lemma 5.7. Let q be a general conic in X . Then all but a finite 
number of curves of the form qUC^ with C3 G Cgp]^ are good quintics. 
The family of good quintics of this form is birationally parametrized by 
an open set of the genus-7 curve Tl^ from Theorem \5. 4 

Proof. By part (c) of the above theorem, the strict transforms of curves 
from C3 [2]q with respect to a are the extremal curves of the contraction 
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r, that is, they form the family of P^'s in M+ contracted to the points 
of r. □ 

Three curves of genus 7 associated to X. So far, we have asso- 
ciated to the Fano threefold X = Xu three curves of genus 7: the 
dual linear section X, the curve from Theorem |5.3|, and FL, the 



one from Theorem Denote them by different symbols, say, F, F' 
and F" respectively. We will see right now that F', F" are isomor- 
phic; the isomorphism with F will be deduced later from the birational 
isomorphisms of F, F" to the same component of the moduli space 
Mx = Mx{2] 1, 5) of vector bundles on X. 

Lemma 5.8. The intermediate Jacobian J{X) is isomorphic to the 
Jacobians of both curves T' , F", so by Torelli Theorem, F' ~ F". 



Proof. By ||CG|| , the intermediate Jacobian of the blowup y of a smooth 
curve D in a smooth projective 3- fold Y is isomorphic, as a p. p. a. v., 
to the product J{Y) x J{D). As J{Q2) = J(X5) = and the birational 
isomorphisms ^p, \E'g are obtained by blowing up or down only one 
nonrational curve and some sets of rational curves, we have J{X) ~ 
J(F') ~ J(F"), so the assertion follows by Torelli Theorem. □ 

The good quintics from Lemmas p.4| , |5.7| define some vector bun- 
dles of the type considered in Section ^. We will see that they fill an 
irreducible component of the moduli space. 

Lemma 5.9. Let Mx = Mx{2; 1, 5) be as in Section |^. Let p e X be 

a generic point and q G X a generic conic. Let Mx{p), resp. Mx{q) 
be the closure in Mx of the locus of vector bundles Sc on X obtained 
by Serre's construction from generic good quintics C G C5[2]p, resp. 
C = qUCl with Cl G Cl[2\q. Then Mx{p), Mx{q) coincide with a 1- 
dimensional irreducible component Mjr of Mx which does not depend 
on p,q. Moreover, a generic vector bundle from M\ can be obtained 
by Serre's construction from a smooth elliptic quintic, and (Mjj-)red 'is 
birational to T" . 

Proof. Denote by Mj^ the closure of the union of all the Mx {p) , where 
p runs over the open subset U ^ X for which the conditions of Theorem 
0| are satisfied. A generic So in any component of Mx is obtained by 



Serre's construction from a good quintic, so by Lemma |3.2| , the family 
of curves (s)o of zeros of all the sections s of Sq is P"^ = FH^{So). By 



Proposition |4.9| , the generic curve (s)o is nonsingular. As the locus of 
points of P'^ corresponding to singular quintics is non-empty, it is a hy- 
persurface in P^, hence it is 3-dimensional. The family Upg;7^5[2]p be- 
ing 4- dimensional, the subfamily of these quintics contained in Pif°(£^o) 
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for generic Sq is 3-dimensional; if we fix now such a generic Sq, then 
the subfamily of quintics with only one node at p is nonempty for any 
p & U and forms a curve for generic p. In particular, Sq G Mx{p) for 
any p & U. Hence Mx = Mx{p) for generic p. Further, Mj^ is a union 
of components of Mx- Indeed, the same argument as above shows that 
any 8 G Mx close to a generic Eq G M\ also belongs to M]r. Finally, 
by Lemma Mj^ is birational to the family of lines in meeting F', 



so it dominates F' with degree at most 3. 

Let us show now that Mx{q) for a generic conic q is contained in 
M]^. Indeed, the structure of as described in Theorem |^ implies 
easily that the two points p,p' & q of the intersection C3 fig are movable 
on q, when C3 runs over C3[2]g, so for generic q and generic C3, any of 
them is a generic point of X. Thus the curve C = U q for generic 
Cg G C3[2]g is an element of C5 [2]p, where p satisfies the hypotheses of 
Theorem ^73| . Let S G Mx{q) be the vector bundle associated to C. 
By Lemma |3.2| , the family of curves {s)q of zeros of all the sections s 
of £isF^ = FH%S). The family of curves of type Cl U q {Cl G Cl[2]^) 
being 3-dimensional, C deforms inside FH^{S) into a curve with only 
one node, hence S is in the closure of the union of Mx{x), x E X 
generic. Hence Mx{q) C Mj^ is an irreducible component, birational 
to F". 

It remains to see that Mx is irreducible. Let S G Mx{p) for generic 
p. Then FH^{S) contains a 3-dimensional family of curves D with two 
nodes x, x' for which each one of the points x, x' runs over a dense subset 
of X. As Pa{D) = 1, the generic D is reducible. There is no line through 
a generic point of X, so the only possible type of decomposition of D 
is a conic plus a cubic. The cubic is rational and nonsingular, because 
X is an intersection of quadrics. Hence £ G Mxiq) and Mj^ = Mx{q) 
for some q. □ 

As F', F" are curves of the same genus, F" does not have a dominant 
rational map to F' of degree > 1, so we can deduce from the proof of 
the lemma the following corollary: 

Corollary 5.10. Let p E X he a generic point. Let £c be the vec- 
tor bundle on X obtained by Serre's construction from a generic good 
quintic C G Cgpjp and £ = $p(C) the line in Y5 meeting F' at a point 
u. Then there are at most three distinct lines ii in Y5 meeting F' at u 
(ii = i), and the vector bundles obtained by Serre's construction from 
the curves Ci := are isomorphic to S. Equivalently, the family 

p4 = WH^{£) of curves (s)o of zeros of all the sections s of £ contains 
at most three distinct curves Ci G C5 [2]p and their images ii under 
are precisely all the lines in meeting F' at u. 
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In Section | we constructed a map px '■ T — ^Mx and proved that 
Px(r) = is an irreducible component of Mx- 

Lemma 5.11. M% = M^. 

Proof. Let S e he generic. The sections of £ embed X into the 
Grassmannian G = G{2, 5) of hues in and S ~ Qg\x- The sections 
of Qg correspond to hnear forms on and the restriction to X sends 
them isomorphically onto the sections of S. Let g C X be any smooth 
conic. Considered as a family of lines in P^, q is either a pencil of 
generators of a quadric in P^ C P^, or the curve of tangents to a conic 
m p2. In the first case, there is a unique, up to proportionality, section 
of Qg vanishing on q, the one defined by the P^ which is the linear span 
of the quadric. In the second case there is a pencil of such sections in 
FH^{Qg)- The span of the lines parametrized by a reducible conic q 
is P^, hence the same is true for a generic q. So, for generic q, the 
projective space Pif°(£^) of zero loci of sections of S contains a unique 
reducible curve D having q as one of its components, and D does not 
contain other conies or lines. Hence D is a union of the conic q and of 
a rational twisted cubic. Hence S G Mx{q) = M\. □ 

being birational to F, we obtain: 

Corollary 5.12. F ~ F' ~ F". 



6. Smoothness and irreducibility of Mx 

Let X = Xi2 be a generic Fano threefold of degree 12 with Picard 
number 1, and F its dual curve of genus 7. Let Mx, p be defined as in 
Section | and let be the component of Mx that is the image of p. 
Propositions |6.1| and |6.8| prove Theorem p.l| . 



Proposition 6.1. For generic X, M^ is in the smooth locus of Mx- 



Proof. Let £: e M^. By Lemma to prove the smoothness of Mx 
at £ it suffices to find a quintic C in PiJ''(X, such that Mc/x ?^ 



Oc ® OciX)- Lemmas |0| and ^]4| prove, for generic p G X, the 



existence of such a quintic having a node at p. □ 

Lemma 6.2. Let 8 G M^, p E X a generic point. Let Zp = {Cj}i<i<„ 
(n = 1,2 or 3) be the set of curves with singularity at p which are zero 
loci of sections of S, qi, . . . , g24 (iH the conies on X passing through p 
and Ci, q'j the proper transforms of the above curves on the blowup of 
p. Then Ci H q'j = for all i = 1, . . . ,n, j = 1, . . . ,24. 
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Proof. The curves Ci are rational quintics with only one node. The 
assertion of Lemma is not satisfied for S, p if and only if there is a pair 
for which Ci meets qj in such a way that length(Cj fl qj) > 3. 
We want to prove that for generic p G X, there is no conic q through 
p meeting any one of the curves Ci in such a way that length(Cjng) > 3. 



Assume the contrary. By Theorem f).3[ the number of conies through 



a generic point p is 24. Hence, if we assume that at most seven conies 
qj can meet a curve Ci with length > 3, then such conies form a proper 
irreducible component of J-'{X). This contradicts the irreducibility of 
the family of conies on X (Lemma |5.2| ). But it is immediate to see 
that two different conies qi,q2 passing through p cannot meet Ci with 
length of intersection > 3. Indeed, if we assume that such conies gi, q2 
exist, then Ci U qj [j = 1,2) are two distinct reducible fibers of the 
ruled surface M (notations from Theorem |5.3| ). The fiop transforms 
the components qj into secant fines Ij to the curve T C Y^, and the 
proper transform of Ci is contracted to a point of F. This is absurd, 
because two distinct fibers of M are contracted to two distinct points 
of r. Hence each Ci meets at most one conic qj and we are done. □ 

Lemma 6.3. Let £ G M^, U G X the open set of points p G X 
for which the birational map <l>p of Theorem \5.3{ exists, and p E U . 
Assume that there are at least two nodal rational quintic curves Ci,C2 
with only one node at p as singularity which are zero loci of sections 
of S. Assume also that the proper transform Ci of Ci (i = 1,2) on 
the blowup X' of X at p does not meet any of the flopping curves of 
K introduced in Theorem \5. Sj . Then the normal bundle of Ci in X is 
indecomposable and Mx is nonsingular at the point representing the 
vector bundle S. 

Proof. Assume the contrary, that is, Afc/x — ® Oc{l), where C is 
one of the two curves Cj, say, C = Ci. Then C and i'*Nc/x — 

Opi © (9pi(5), where v : C — >C is the normalization map; v = a 
Let M(j denote the normal bundle to C as a parametrized curve in X 
N(j = coker((iz/ : 7^ — ^^*J^c/x)- Then v^Mcjx is obtained from 
by a positive elementary transformation described in |[HH|] : v*Mcix = 
elmjAc', where T is the set of two points in P(A/'(5) corresponding to 
the tangent directions of the two branches at p. Hence AT^j ~ Opi (—2)© 
Opi(5), Cpi(-l)©Opi(4) or Cpi©Cpi(3). Hence AT^/^, Af^{-T) ~ 
Cpi(-4) ©Cpi(3), Cpi(-3) ©Opi(2) or C»pi(-2) © Opi(l). 

In the notations of Theorem [5.3| , the image i of C under r ok is a line 
in Y meeting F transversely at one point z = z{p,S), so we have for 
the normal bundles Afi/y = ^^^t point -^c/x' Hence the only possible 
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c- 



case is A/^/y ~ Of,\ (—1) © O^i (1). According to the description of lines 
on y, if 2; ^ Cg (notations from the proof of Lemma |5.4|) , then there 
is another hne on Y passing through z with normal bundle Opi © Opi 
giving the other nodal quintic C2 and, in replacing C by C2 in the above 
argument, we come to the conclusion that Mcijx ?^ ^c-2®^C2 (!)• This 
ends the proof. □ 

We have seen that E may be a singular point of Mx only if for generic 
p G X C is the unique nodal quintic from Pif°(X, £^), or, equivalently, 
z{p,£) G Cg and £ = T^C^ is the unique line on Y passing through 
z{p,S). 

Lemma 6.4. Let £ E M'^, p e X a generic point. Then there are at 
least two different curves with a singular point at p which are zero loci 
of sections of S. 

Proof. The assertion that we are to prove now is equivalent to the fact 
that for generic X and generic p G X the curve T G Y = Y^, defined 



by Theorem ^]3| does not meet the closed orbit Cg of SL{2). We prove 



this fact in three steps in Lemmas |6.5| , |6.6| and Proposition |6.7| : we 
prove, first, that the family of canonical curves F in F is irreducible. 
Second, we present a canonical curve T E Y which does not meet Cg, 
and this implies that the generic F does not meet Cg either. Third, we 
show that a generic canonical curve F G y is obtained as in Theorem 



0| via the map $p applied to some X and some J9 G X. □ 



Lemma 6.5. Let Y be a Del Pezzo threefold of degree 5, that is, a 
nonsingular threefold linear section H G(2, 5) of the Grassmannian 
G{2, 5) in P^. Then the family of canonical curves F of genus 7 in Y 
is irreducible of dimension 24. 

Proof. When saying that F is a canonical curve in Y, we mean that the 
restriction of the class of the hyperplane section of F to F is canonical 
and that the dimension of the linear span of F in P^ coincides with 
that of the canonical linear system of F, so (F) = (Y) = P^. By 
lsk-l|| , Y is unique up to projective equivalence and /i°(P^,Xy(2)) = 5. 



Hence the hypotheses of Lemmas |4.1|, [4.5| are verified for the embedding 



F ^ Y ^ G(2, 5) and this embedding is determined uniquely, up to 
the projective equivalence, by a point p G X, where X is the dual Fano 
threefold of F. Let / be the variety parametrizing all the canonical 
embeddings F "—>■ G{2,5) such that F is a generic genus- 7 curve and 
(F) n G{2, 5) is a (smooth) Del Pezzo threefold. Then / is irreducible 
of dimension 



dim/ = dimTlj + dimX + dimPGL(5) = 18 + 3 + 24 = 45 
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Let pr be the natural projection from I to the open subset U of (7(7, 10) 
parametrizing linear sections of (^(2, 6) which are (smooth) Del Pezzo 
threefolds. Then for generic m G W, the fiber pr~^(M) is equidimensional 
and dimpr~^(M) = dim / — dimG(7, 10) = 24. By the monodromy 
argument, to prove the assertion of the lemma, it suffices to present a 
distinguished component of the family of canonical curves in Y . Then 
it has to be the unique one. 

There is such an obvious component: the one containing all the 
curves F obtained from the generic pairs (p, X) via the map $p of 
Theorem |5.3|. This ends the proof of the lemma. □ 



Lemma 6.6. Let F G Y be any curve. Then there exists a reducible 
smoothable canonical curve Co = Ei U E2 U q such that the following 
conditions are verified: 

(a) Ei,E2 are elliptic quintics meeting each other transversely at 3 
distinct points; 

(b) q is a conic meeting each one of the curves Ei transversely at 2 
points; 

(c) ConF = 0. 

Proof. Choose a conic q not meeting F; let = (q). Choose a generic 
3-secant P2 to Y meeting P^. Let 2 = P^nP^, {^1,^2,^3} = PgHF. Let 
/i, I2 be two generic lines in P^ passing through z, and {p\,pl} = UHq. 
Let Pf = (P^, li) and P^ generic 4-spaces containing P? {i = 1, 2). Then 
Ei = Ff n Y are elliptic curves such that O Ei = {pi,P2,P3,p\,Pl}, 
that is, the intersection of Ei with the residual curve -Es-j U q de- 
fines the divisor from the linear system 0{1). For q, the degree of the 
intersection with Ei U E2 is 4, which is degi^^ + deg(9(l)|q. Hence 
Co = EiU E2U q is embedded by a subsystem of the canonical system, 
and since (Co) = P^, it is a canonical curve. It is obvious that for a 
generic choice of the above Ff, we have Ff (1 F = 0. 

It remains to see that Co is smoothable, but this follows immediately 
by the technique of [HH] and from the known normal bundles to the 



components of our curve: A/^;. = 20(1)1^;- and Afg = 2Cpi(l). □ 

Proposition 6.7. Let Y be a Del Pezzo threefold of degree 5 and F 
a generic canonical curve of genus 7 in Y . Let X be the dual Fano 
threefold ofV. Then there exists a point p G X such that the embedding 
T ^Y is obtained via the birational map $p of Theorem |5. % 

Proof. We have to invert the construction of the map $p for generic 
T (Z Y . Let Fq 1^ be an embedding corresponding to some pair 
(Poj -^o)- Then the anticanonical linear system | —Ky^ \ on the blowup Iq 
of Fq in Y defines a small contraction ttq of 24 (—1, — l)-lines which are 
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bisecant to Tq whose image is a quartic threefold in with 24 ordinary 
double points, and the flop over this small contraction gives rise to an 
exceptional with normal bundle 1) which can be contracted to a 
nonsingular point. It is easy to verify that this situation is stable under 
small deformations. Let Tt Y he a deformation of Tq Y with 
parameter t. By the semicontinuity of h\Yt, O^—KyJ) = and because 
the vanish for t = and i > 0, the linear system | — Ky^ \ deflnes also 
a map irt to P^ for small t. The base-point-free condition is open, so iit 
is a morphism. By the semicontinuity of the degree of a morphism, vr^ is 
birational. The stability of the (—1, — l)-curves under deformations is 
well-known. See for example ||Kod|| , where the stability of nonsingular 



subvarieties with negative normal bundle is proved, and the type of 
the normal bundle is preserved in our case, because a vector bundle of 
type 0{k) © 0{k) has no nontrivial inflnitesimal deformations on P^. 
So, Yt contains 24 (—1, — l)-curves, which have to be contracted by the 
anticanonical system. Their intersection indices with the exceptional 
divisor of Yt — >Y being constant, they descend to bisecant lines of Ft 
in Y. 

Now we can blow up all the 24 (—1, — l)-curves and blow down the 
obtained quadrics P^ x P^ along the second ruling simultaneously in 
all the varieties Yf for small t. We will obtain the family of nonsingu- 
lar projective threefolds X^. The flber Xq possesses an exceptional P^. 
Again by ||Kod|| , this P^ deforms in a unique way to a compact sub- 
manifold in the neighboring flbers; it is again P^ with normal bundle 
0{—l), because both P^ and the line bundle 0{k) on it have no non- 
trivial infinitesimal deformations. Thus there is a relative contraction 

— >Xt blowing down P^ to a nonsingular point in each fiber. The 
fiber Xq is a Fano threefold of genus 7 with Picard group Z, and these 
properties are stable under small deformations. □ 

Proposition 6.8. For a generic Fano threefold X of degree 12 with 
Picard group Z, the moduli space Mx is irreducible. 



Proof. Let £ G Mx- By Proposition f4.9| , the sections of S define a 
regular map from j : X — ^^(2, 5). Restricting to a generic hyperplane 
section H and using Proposition [4.7| , we see that i = JIh embeds H 
linearly into G{2, 5) and satisfies the hypotheses of Lemma |2.6| . Hence 
the linear subspace U defined in the lemma is a maximal isotropic 
subspace mV = H^{¥\Xh{2)) = i^°(P^Tx(2)). Hence, by Lemma 
p75| , j is a linear embedding associated to a point w & X, and hence 
S G M^. □ 
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